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Dictionary

	№
	English
	Russian
	Kazakh

	1
	composition law
	закон композиции
	

	2
	operation
	операция
	

	3
	operation degree
	порядок операции
	

	4
	interior composition law
	внутренний 
закон композиции
	

	5
	exterior composition law
	внешний

закон композиции
	

	6
	universal algebra
	универсальная алгебра
	

	7
	binary operation
	бинарная операция
	

	8
	ring 
	кольцо
	

	9
	lattice
	решетка
	

	10
	linear space
	линейное пространство
	

	11
	homomorphism 
	гомоморфизм
	

	12
	groupoid
	групоид
	

	13
	commutative operation
	коммутативная операция
	

	14
	associative operation
	ассоциативная операция
	


	№
	English
	Russian
	Kazakh

	15
	sum
	объединение
	

	16
	intersection
	пересечение
	

	17
	symmetric difference
	разность
	

	18
	induced structure
	индуцированная структура  XE "структура:индуцированная" 
	

	19
	continuation
	продолжение
	

	20
	semigroup
	полугруппа
	

	21
	unit 
	единица
	

	22
	inverse element
	обратный элемент
	

	23
	invertible element
	обратимый элемент
	

	24
	group
	группа
	

	25
	permutation
	подстановка
	

	26
	symmetry
	симметрия
	

	27
	dynamical
	динамический
	

	28
	phase space  
	фазовое пространство
	

	29
	initial state 
	начальное состояние
	

	30
	distributivity
	дистрибутивность
	

	31
	scalar
	скаляр
	

	32
	affine manifold  XE "многообразие:аффинное" 
	аффинное многообразие
	

	33
	convex  
	выпуклый
	

	34
	linear dependence
	линейная зависимость
	

	35
	dimension  XE "размерность" 
	размерность
	

	36
	signature 
	сигнатура
	


Introduction
We shall consider sets with algebraic structures.  Its general notion is composition law. This is an operator, which maps a concrete quality (operation degree) of elements of the given set to an element of this set, for example, addition of numbers, sum of sets. 
Composition law can be interior and exterior. Interior composition law (see Section I) use only elements of the given set. Exterior composition law (see Section II) use also elements of additional sets. For example, in the set of vectors we can multiply a vector (element of the given set) by a scalar (element of the additional set). The product is a vector (element of the given set). We shall consider universal algebras in the Section III. Each algebraic object is a universal algebra.
We have three classes of algebraic sets with interior composition law. There are groupoids (see Subsection 1), rings (see Subsection 2), and lattices (see Subsection 2). Groupoid is a set with one binary operation. Ring and lattice are algebraic objects with two binary operations with different properties.
We consider also two classes of exterior composition laws. There are groups with operators (for example, linear spaces) and rings with operators (for example, algebras).
ALGEBRAIC OBJECTS
Section I. SETS WITH INTERIOR COMPOSITION LAWS
Subsection 1. Groupoids

Room 4В.1. GROUPOIDS
Definition 4В.1. Operation of n order on a set Х is an operator 
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Each operator determines an interior composition laws because it use only elements of given set Х. Most impotent class of operation is binary operations or second order operations. 
Definition 4В.2. A set with one binary operation is called groupoid. 
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Fig. 4В.1. Groupoid 
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Groupoid is the pair 
[image: image6.wmf](,),
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 where X is the carrier, and ( is an operation. As a rule we use the designation х(у but not ((х,у). Additional groupoid (Х,+) and multiplicational groupoid (Х,() are groupoids with addition and multiplication.
There an analogy between algebraic and ordered structures. 
Table 4В.1. Algebraic and ordered structures.
	notion
	                                structure

	
	algebraic
	ordered

	object
	groupoid
	ordered set

	structure
	operation
	order

	dual object
	dual groupoid
	dual ordered set

	subobject
	subgroupoid
	ordered subset

	product of objects
	product of groupoids
	product of ordered sets

	morphism
	homomorphism of groupoids
	monotone operator

	antimorphism
	antihomomorphism of groupoids
	antimonotone operator

	isomorphism
	isomorphism of groupoids
	isomorphism of order 

	structure property
	groupoid property
	order property


Definition 4В.3. The operation ( on the set Х is called commutative, if   х(у = у(х for all х and у from Х. It is called associative XE "операция:ассоциативная" , if  
х((у(z) = (x(y)(z 
[image: image7.wmf],,. 
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A groupoid is commutative or associative in conformity with properties of its operation.

We consider the Boolean ((Y) of a nonempty set Y. The operation ( (sum), ( (intersection) and ( (symmetric difference) are commutative and associative on the set ((Y). But the difference \ is not commutative and associative (see Fig. 4В.2).
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Fig. 4В.2. The difference of sets is not commutative and associative.

Determine methods of determination of new groupoids with using of known groupoids.

Definition 4В.4. Let we have a groupoid (Х,(). The dual groupoid XE "группоид:двойственный"  is the pair (Х,(), where the dual operation ( are determine by the equality 
х(у = у(х 
[image: image9.wmf],. 
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There is analogy between the dual groupoid and the dual ordered set (see Fig. 4B.3).
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Fig. 4В.3. Duality of groupoids and ordered sets. 
Let we have a groupoid (Х,() and a subset Y of its carrier. 

Definition 4В.5. The pair (Y,() is called subgroupoid of the  XE "подгруппоид" groupoid (Х,(), if ( is the operation on the set Y.
For example, additional groupoid of natural numbers is the subgroupoid of 
[image: image11.wmf](,),
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 which is the subgroupoid of real numbers.

Let (Х,() be groupoid, and Y is subset of Х. Then for all х and у from Y the value х(у is an element of Х. If it is always an element of Y, then the pair (Y,() is a groupoid. Besides it says that the structure of the groupoid on Y is induced by the structure on Х, and the structure of the groupoid on Х is the continuation of the structure on Y. 
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Fig. 4В.4. Structure inducing of a subset of the carrier.

Question: If the structure of the additional groupoid of natural numbers can be induced on the finite set of natural numbers.
Answer. No, see Fig. 3B.4.

Question: Give an example of the subgroupoid of the additional groupoid of natural numbers.

 Answer. For example, even numbers.

Next method of the definition of new groupoids by means of known groupoids consists in the determination an operation on the product of the carriers of groupoids.

Definition 4В.6. The product of groupoids XE "произведение:группоидов"  (Х,() and (Y,() is the groupoid (Х(Y,() with operation determined by the equality 
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Question: Prove that the additive groupoid on the Euclid plan is the square of the additive groupoid of real numbers. 
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Fig. 4В.5. The products of ordered sets and groupoids.

We consider groupoids (Х,() and (Y,(), аnd operator А : Х ( Y.
Definition 4В.7. The operator А : (Х,() ( (Y,() is the homomorphism of   
groupoids XE "гомоморфизм:группоидов"  if А(х(у) = Ах ( Ау (х,у(Х. It is antihomomorphism of   
groupoids XE "гомоморфизм:группоидов"  if  А(х(у) = Ау ( Ах (х,у(Х.
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Fig. 4В.5. The homomorphism and the antihomomorphism of groupoids.

Definition 4В.8. Let (Х,() and (Y,() be groupoids, and A be a bijection between X and Y. If A and its inverse operator are homomorphism’s of groupoids, then A is isomorphism of groupoids, and these groupoids are isomorphic.
Question: Prove that the additive groupoids on 
[image: image16.wmf]£

 and 
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 are isomorphic. The corresponding isomorphism can by determine by equality A(a+bi) = (a,b). 
Question: If the operator 
[image: image18.wmf]2
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 determined by equality А(х,у) = х, is isomorphism?
Answer: It is not invertible. Then it is not the isomorphism. 
Question: Let 
[image: image19.wmf](,)
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 be the space of integrable functions. If the operator 
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is homomorphism of groupoids?

Definition 4В.9. A property is called groupoids property, if it is saved after the action of isomorphism’s. 
The additive groupoids on 
[image: image22.wmf]£

 and 
[image: image23.wmf]2
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 are same groupoids properties. The commutativity and associativity are groupoids properties. Then commutative or associative groupoid can be isomorphic only to a groupoid with these properties. 
Groupoids with additional properties will be considered in the next rooms.

Room 4В.2. SEMIGROUPS
Definition 4В.10. An associative groupoid is semigroup XE "полугруппа" .

A semigroup a determined by its carrier Х and a binary 
operation ( with additional property of the associativity. So there is a pair (Х,(). Semigroups (Х,+) and (Х,()  are called additive and multiplicative XE "полугруппа:мультипликативная" . A semigroup is commutative if its operation satisfies this property. 

The pairs (((Y),(), (((Y),(), and (((Y),() are commutative semigroups. The groupoid (((Y),\) is not a semigroup. The set of integer number with subtraction is not a semigroup. The set of cardinalities Card and numerical sets 
[image: image24.wmf],,,, 
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 with standard operations of the addition and the multiplication, and the set of propositions with operations of the conjunction and the disjunction are commutative semigroups. The n-dimensional Euclid space 
[image: image25.wmf]n

¡

, the set of all square matrixes of n order Мn, the set C[0,1] of continuous functions on the interval [0,1] are additive commutative semigroups. The set Мn is non commutative multiplicative semigroup. The set C[0,1] is commutative multiplicative semigroup.
Example 4В.1. The free semigroup XE "полугруппа:свободная" . Let М be non empty finite set. Let Х be the set of all ordered subsets of М, which are called the words. Determine an operation on the set Х ( by equality
(х1 , … , хm) ( (y1 , … , yn) = (х1 , … , хm , y1 , … , yn).

This operation is associative. Then (Х,() is semigroup.

Question. How the free semigroup can be transformed to the monoid?
Room 4В.3. MONOIDS
Definition 4В.12. Let (Х,() be semigroup. An element е from X is unit if the equality е(х = х(е = х is true for all х(Х. A semigroup with unit is called the monoid.
Question: How many units can be determined for a monoid?
Answer. If е1 and е2 are units, then е1(е2 = е1, е1(е2 = е2. So е1 = е2, namely the unit is unique.
The unit of the additional monoid is called zero. Considered numerical semigroups are monoids with the exception of the additional semigroup of natural numbers. The unit for monoids (((Y),() and (((Y),() is empty set, and the unit of (((Y),() is the set Y. The unit for the set of propositions with conjunction is the true proposition; this set with disjunction has the unit “false”.
Example 4В.2 (task). Are the pairs ([a,b],min) and ([a,b],max) with operation “minimum of two numbers” and “maximum of two numbers” on the interval [a,b] the monoids?   
Example 4В.3 (task). Are the set of natural numbers with operation “smallest common divisor” and “largest common multiple” the monoids?   
Example 4В.4 (task). How can we determine the free monoid?

Definition 4В.13. Let (Х;(,е) be a monoid. An element а-1 from is called the inverse element of a, if а(а-1 = а-1(а = е. An element а is invertible, if has an inverse element.
Let (Х;(,е) be a monoid. We consider the problem of the finding of an element x of X such that

                                               а ( х  = у.                                         (4В.1)
where 
[image: image26.wmf],.

ayX

Î

 Let the element a is invertible. We shall prove that the element  х = а-1(у  is the solution of the equation (4В.1). Indeed we have equalities
а ( х  =  а ( (а-1 ( у)  =  (а ( а-1) ( у
because of the associativity of the operation. Then we get
а ( х  =  е ( у  =  у.

by the definition of the inverse element and the unit. So we obtain the equality (4В.1).
Let х1 and х2 be solutions of the equation (4В.1). Then we have
а ( х2   =   а ( х1   =  у.
So we get
а-1 ( (а ( х1)  =  а-1 ( (а ( х2).

By associativity of the operation and the definition of the inverse element and the unit we obtain the equality х1 = х2 , namely the equation has a unique solution.

A monoid is characterized by the three (Х;(,е). So the homomorphism of monoids is not only the homomorphism of the corresponding groupoids. It maps also the unit of the first monoid to the unit of the second monoid.

Room 4В.4. GROUPS
Definition 4В.14. A monoid is called the group, if each its element is invertible. 

If a set X with operation ( is a group, then the equations а(х=у and х(а=у have always the unique solution х.
The sets 
[image: image27.wmf],,,,
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 are commutative additive groups. The multiplicative monoid on the sets 
[image: image29.wmf]¢

 is not group, but its submonoid 
[image: image30.wmf]\{0}

¢

 is the group. The set of invertible matrixes is the non commutative multiplicative group. 
Question: Is it possible to determine a group on the set with unique element?

Answer. This is the trivial group is the set with unique element е and operation (, characterized by equality 
[image: image31.wmf]eee

·=

.  
Example 4В.4 (task). Permutations group. Let М be a non empty finite set. The bijection from М to М is permutation. We determine an operation of superposition on the set Х of all permutations. Prove that this groupoid is the group. Is it commutative?
Example 4В.5. Symmetries group XE "группа:симметрий" . Let М be an object on the plane, Х be the set of all invertible transformations from М to М. We determine the superposition on the set X. Then we obtain the symmetries group (see Fig. 4В.6). It is not commutative for the common case. 
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Fig. 4В.6. Symmetries groups for objects on the plane.

Example 4В.6. Dynamical group of transformations. We consider the dynamical system. Let М be its phase space, namely the set of all its admissible states. We denoted by хt(а) the state of the system in the time t with initial state a. Then we have the set  Х = {хt | t(0} of transformations of the space M. We determine an operation ( by equality
хt ( хs  =  хt+s  (t, s ( 0.

Thus the system with the initial state a transforms to the state хs(а) after the time s, and to the state (see Fig. 4В.7)
хt [хs(а)]  = (хt ( хs) (a)  =  хt+s(а)

after the time t. Then we get the monoid with unit е = х0. It is called the dynamical monoid of transformations. If it is possible to find the initial state a with using of the given state b in the time a, then there exists an operator х-t : M ( M  such that х-t(b) = а. So we have an equality хt ( х-t = е, namely
 (хt ( х-t) (b)  =  хt [х-t(b)]  =  хt(а)  =  b  = х0(b)  (b(M.

Then we get the set {хt | t(
[image: image33.wmf]¡

}, which is called dynamical group of transformations.
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Fig. 4В.7. Evolution of the dynamical system.
The transformation from an element of group to its inverse element can be interpreted as a first order operation t. So the group is determined be the four (Х;(,е,t). But this group is denoted often as X. 
Definition 4В.15. We consider groups (Х;(,е,t) and (Y;(,Е,Т), and an operator  А : Х ( Y. The operator A is homomorphism of groups, if
А(х(у) = Ах ( Ау,  Ае = Е,  А(t(х)) = Т(Ах)  (х,у(Х.

If this operator is bijection, and its inverse operator is homomorphism too, then it is called isomorphism of groups, and these groups are isomorphic.
An operator (j, which maps the product of groups to its multiple with number j is the homomorphism of groups. The additive groups on the sets 
[image: image35.wmf]£

 and 
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are isomorphic.
Section II. SETS WITH EXTERIOR COMPOSITION LAWS
Subsection 1. Groups with operators
Room 4В.10. LINEAR SPACES
We consider a set Х (carrier of a structure) and additional set S.
Definition 4В.16. An exterior law of composition on the set X with the operators set S is the map from S(Х to Х. 

The composition of (S and х(Х is denoted by х. 
Definition 4В.17. Let X be a additive commutative group. It is a linear space under the set of real numbers
[image: image37.wmf]¡

, if the product to a real number is an exterior low of composition, and the following conditions are true:
i) distributivity conditions
( (х + у)  =  ((х) + ((у) (((
[image: image38.wmf]¡

, (x,y(X,

(( +()х  =  ((х) + ((х) ((,((
[image: image39.wmf]¡

, (x(X;
ii) associativity condition
( ((х) = ((()х ((,((
[image: image40.wmf]¡

, (x(X;

iii) unit condition
1x = x (x(X.
Trivial linear space has a carrier with unique element ( with operations (+(=( and ((=( for all ((
[image: image41.wmf]¡

. The set of real numbers is linear space.
Example 4В.6. The set of complex numbers is the linear space with operations
(a+bi) + (a'+b'i)  =  (a+a') + (b+b') i,

((a+bi) = ((a) + ((b) i.

Example 4В.7. Euclid space XE "пространство:евклидово"  
[image: image42.wmf]n
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is linear space with operations of addition for vectors (see Fig. 4В.7) 
(x1 , ... , xn) + (y1 , ... , yn)  =  (x1 + y1 , ... , xn + yn)

and multiplication between number (scalar) and vector
((x1 , ... , xn) = ((x1 , ... , (xn)
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Fig. 4В.7. Euclid plane is linear space.
Example 4В.8 (task). Space of sequences is the linear space with operations 

{xk}+{yk} = {xk + yk}, ({xk} = {(xk}.

Example 4В.9 (task). Space of functions definite on a set ( is the linear space with operations 
(x+y)(t) = x(t) + y(t),  ((x)(t) = (x(t) (t((. 
Two examples of sets  on the plane, which are not linear spaces, are given on the Fig. 4В.8.
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Fig. 4В.8. The sets of plane, which are not linear spaces.
We consider special subsets of the carrier of a linear space. Let Y by a subset of linear space Х.

Definition 4В.18. If the set Y with operations from Х is the linear space, then it is called the linear subspace XE "подпространство:линейное"  of Х.

The set C[0,1] is the linear subspace of the set of functions on the interval [0,1] with standard operations. The set C m[0,1] of continuously differentiable with m degree is the linear subspace of the space C[0,1].
Definition 4В.19a. Product of linear spaces.

Example. R2. (task)

Definition 4В.19. Let Х is the linear space, Y is its subspace, and 
[image: image45.wmf](\).
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 The set
Z = { z(X | (y(Y: z = x+y }

is called the affine manifold and denote by  х+Y (see Fig. 4В.9).
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Fig. 4В.9. Space Y and affine manifold x+Y.

Let Х is linear space, and Y is its subspace. We determine the relation ( on the set Х. The condition х(у is true if we have the inclusion х((у+Y). The relation ( is equivalence (see Fig. 4В.10). Then for all х(Х we can determine the equivalence class [х] = х+Y. It is an element of the factor set Х/(. We determine the following operations on Х/( (see Fig. 4В.11):
 [x] + [y]  =  [x+y]  ([x], [y](Х/(,

([x]  =  [(x]  (((S, [x](Х/(.
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Fig. 4В.10. The relation ( is equivalence.
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Fig. 4В.11. Operations of the factor space X/Y.
Definition 4В.20. Linear space Х/( is called the factor space of the space X with respect to the subspace Y and denote by X/Y.
For all mathematical objects it can be determine a factor object.

Let X be linear space, and x, y are elements of X. An interval [x,y] is the set (see Fig. 4В.11)

[x,y]  =  {z ( X | ((([0,1]: z = (x + (1-()y}.
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Fig. 4В.11. The set [x,y].
Definition 4В.21. The subset of linear space is convex if it contains each interval for all its elements (see Fig. 4В.12).
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Fig. 4В.12. The convex and non convex sets.
We give a classification of linear spaces.
Definition 4В.22. Elements x1, ... , xn of a linear space Х are linear dependent if there exists numbers (1, ... ,(n, which is not equal simultaneously to zero, such that (1x1 + ... + (nxn = 0. It is called linear independent for the contrary case. The infinite set is linear independent if this property is true for all its subset.
Example 4В.10 (task). The vectors х1 = (1,0) and х2 = (0,1) are linear independent on the plane 
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. However the vectors x1, x2, x3, where 
х3 = (1,1) are linear dependent (see Fig. 4В.13).
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Fig. 4В.13. Linear dependence of vectors.

Definition 4В.23. The linear space has the dimension n if there exists n linear independent elements, and all n+1 are linear dependent. The space is finite dimensional if it has some dimension n. It is infinite dimensional in the contrary case.
The space 
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 has the dimension 1, the space 
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 has the dimension 2, the space 
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 has the dimension n. The space C[0,1] is infinite dimensional.
We determine an analogue of homomorphism of groupoids for linear spaces. It will by an operator, which saves all operations. Then homomorphism  А : Х ( Y  of linear spaces satisfies equalities:
A0 = 0;  A(x+y) = Ax + Ay (x,y(Х,
A(–x) = –(Ax),  A((x) = (Ax (((S, x(Х.
Definition 4В.24. An operator А is called linear XE "оператор:линейный" , if it satisfies the equality
A((x + (y) = (Ax + (Ay (x,y(X, (,((
[image: image56.wmf]¡

.

The linear operator from Х to
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 is called linear functional.

Question. What is the linear operator from 
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 to 
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?
Answer. It is a square matrix of n order.
The differential operator d/dt is the linear operator from C1[0,1] to C[0,1].

A linear bijection is an isomorphism of linear spaces. The linear property is property, which is saved after isomorphism’s of linear spaces. The dimension is the linear property.
Example 4В.11. Space of polynomials. We consider the set Pn of polynomials 
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with real numbers а0, …, an. It is the linear space with operations 
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where b0, …, bn are coefficients of the polynomial у. We determine an operator 
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, which maps the polynomial to the vector of its coefficients. The operator А is the isomorphism of linear spaces. Then the spaces of polynomials and Euclid space 
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 has same linear properties, for example, its dimension is equal to n+1. 

Section III. UNIVERSAL ALGEBRAS 
Room 4В.12. UNIVERSAL ALGEBRAS 
We considered a lot of algebraic objects. We determine now a common notion of the set with operations. 
Definition 4В.25. Universal algebra is the pair (Х,Т), where Х is a set (carrier), and T is a signature. The signature is a set {Tn | n(
[image: image64.wmf]0

¥

}, where Tn is a set of operations of the order n on the set Х.
The signature is the common algebraic structure. A groupoid and a semigroup are characterized be the signature Т = {T2}, where the set of binary operations has a unique element (with property of the commutativity for the semigroup). A special fixed element of the algebraic object can be interpreted as an operation of order zero. So the signature of monoids has the form {T0,T2}, where the set T2 includes a unique element, and T0 has the unique element too, namely the unit. The signature of the group has also the set T1, which include the unique element. It is the transformation to the inverse element. Rings and lattices have the set T2 with two elements. The linear space has the signature {T0,T1,T2}, where the set T0 and T2 are the same form as the corresponding sets of the group, however the set T1 not only the transformation but the multiplication to an arbitrary scalar. Each scalar determine on operation of the first order. So the set T1 for the linear space is infinite.
We can determine some common algebraic notions.
Definition 4В.26. Let (Х,Т) be a universal algebra, and Y is a subset of Х. The pair (Y,Т) is called the universal subalgebra of the algebra (Х,Т), if for each n(
[image: image65.wmf]0
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, Tn(Т, t(Tn the inclusion t(y1 ,..., yn)(Y is true for all  y1,...,yn(Y.

A subgroupoid, a subsemigroup, a submonoid, a subgroup, a linear subspace are universal subalgebras of some algebras. If (Y,Т) is a universal subalgebra of the universal algebra (Х,Т), then the algebraic structure on the set Y is induced by the corresponding structure of Х or the structure of X is an extension of the algebraic structure of Y. 
Let {Xk} be universal algebras of same signature Т. We determine operations of this signature on the product X of all Xk. For all number n, operation t(Tn and elements 
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Definition 4В.27. The algebra Х of the signature Т is the product of the universal algebras Xk .

Remark. We could determine also the universal factor algebra. 
Let (Х,Т) and (Y,Т) be universal algebras.
Definition 4В.28. The map А : (Х,Т) ( (Y,Т) is called the homomorphism of universal algebras with signature Т, if the operator А : Х ( Y  for n(
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, Tn(Т , t(Tn  satisfies the equality
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It is the isomorphism universal algebras, if it is invertible, and its inverse operator is the homomorphism of universal algebras with given signature.
The homomorphism of universal algebras is the operator, which save all operations of this signature. Two universal algebras with same signature are isomorphic, if there exists an isomorphism between these algebras. The property is algebraic, if it is saved after isomorphisms of universal algebras.
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